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A Note on the Exact Order of Systematic
Sampled ARMA Models

Hsiang-chuan Liu

ABSTRACT

Assume ARMA(p',qYis a k-period sampled sequence from an ARMA(p,q)model, Brewer(1973) has
show that p' =p and q' = Lkl)-l-_q_ ] swhere(m) = the largest integer, M, satisfying M < m C(c.f.
Helsinki (1984)), We find that the order Q' does not always equal[ L—kl)-!-_q_ ]May be any non-
negative smaller imteger. Two counterexamples are given, furthermore, we provide a theorem to
point out the exact value of q' directly via the information of any original ARMA(0,q) model
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1. Introduction :

Let Zt be an original seguence generated by a real-valued discrete ARMA(p,q@)model :

Z, = émzﬁ e :zo 8; e B i A0 0D ¥ it et st vt s S axed a@.n
Where
$i s 0; 0. €R
o D
J = 0,1,2 -oe00e ,a

P81 $y s 8, F 0
for any positive integer k>1, If it is only every k th term is observed, We are concerned with the
exact order of the sampled sequence Y, =2Z,

2. Definitions :

( Definition 1)
@) If Zt is generated by an ARMA(p,0) model, We also say that Zt is generated by an AR(p) model.
G If Zt is generated by (1.1) but $;=0 V; =12, -0 »p We say that Zt is generated by an MAC(
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Q) TIIOGE] #++ #eesevssemnsssseiunnstecnsunsane st casbessas sasbe satae e sen b e sn et e s e se eennene (2,])

(Definition 2)
@ If Zt is generated by (1.1) or (2.1) and Y, = Z,, is generated by the following ARMA (', q"

model :
Y, = éﬁ ¥ g 0] € €~ i1, d(0, 60) VY eeeeeeesnneni e (2,2)
where
| ¢ 6;€R
i=1,2,..4p'

j =0,1,2,....,q'

00 = Levar $hn 8 £ D

\ 0<o.eR
Then We say that the model (2.2) is a k-period sampled sub-model of the model (1.1) or (2.1); or
a systematic sampled sub-model of (1.1) or (2.1), and conversely, We say that the model (1.1) or
(2.1) is the original of the model (2.1).

Gi) If Zt is generated by (1.1) or (2.1) and Y, = Z,, is generated by (2.2), but ¢; =0 Vv;= 1,2,
------ , 0, i, e, ARMA (0, q') model we have the same definition.as @)

3. Properties :
( Theorem 1)
Let Zt be a real-valued sequence generated by an ARMA (2.0) model :
Z, =¢Zy+ ¢ e, ~ iid N (0, az,) W f eessscccscnectnscccsscienannercsncsccencsanssnss (3.])

Then for any positive integer K the sampled sequence
Y, = Z,, has the following properties :
(@) If k is an odd number
Then Yt is generated by an ARMA (2.0) model :

Y, =¢'Ye, +e el ~ fid (0, 02 Vereesssmnsrnsissiesnsneinn s cieseniesenesne e (3,2)
Where
¢’ =¢"
el = —ll:_f;’;— e ifé¢+1
al =—11:_-!5—— ol
s
ee={k e if¢p=1

ol =k ol

@G If k is an even number
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then Yt is generated by an ARMA (2.1>model
Yi=¢'Yi,+e +0'e,
e, ~ iid N (0, a:-) Vt'-"- 3.3

Where

4 e=|1=t o if ¢+ 1

o =% if =1

( Proof )
Let B be the lag operator (.e, BV, =V, D

formula (3.1) may be rewriten as :
(1—¢ BD Zy = @y rrereecereteee ettt ettt e creeee ettt seeeee cee san sbe seseee vnn sns mnnns 3.4)
and we have

2k I = Y
(1 _¢k B Z[ _[ §¢ B ] e Vt'-"""‘"'"""""""'"“""""""'""""" 3.5
-1

k- A
e, Z, —¢* Z. =§ B € o Vb o nloes cnnnnvions susmoninesianans sxnscsmga s nbengre s anrs it (3.6)
Peplace t by kt, We get :

k-1
Zy —¢k Zk(z-Z) = ‘);o b € | B (3.7
Let Y. =Z,
(T
&= ¢ ey
we can get the following systematic sampled sub-model of the ARMA (2.0) model in the from :

Y. =¢"Yo +e, TEreRtensestestett sttt e e s et e e et s se e se ses seeaes oee (3.)

k-1 .

= -
E(ep =E L ¢ ey = % ¢ Eeyqy) =0
Where

2, _ & g 2
Var(t,) = E(Et )= E ¢ E(ekt_-ﬁ)

=i L ¢ = a [}:zz ] $#1
{ ko, I 3.10)
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Now consider the pl:operties of E(ey £,4y) for deN, =If d=2
E(eiey — d) = E(eyey + D

il k-1 i k-1 j

=E[ % e, (5 de,, )]

e E k-1 i k-1 j

= [ E ¢ e“_n( r%: $e ) ] e T S R L S e S L R G )

Consider the right hand side of (3.11) the largest footmark term in the first sequence is e, and the
smallest. footmark term in the secord sequence is eyuz+@-2) Since kt < kt + 2 4+ (d — 2k
vteZ we get E(g .9 =0

Ifd=1
E(e, e = ECey £44p)

—E Kl Kl
= [ g é eu-m( T ¢ e )]. 3. 12

. 5
Consider the eiz term in (3.12)

() If k is an add number
There is no ei2 term in (3.12)for every i
Since ki F Kee1y-25 Vt,i,j€Z and ¢ ¢ Vi#]j
we get ECep,e, — 1D =0 Let pk=¢"'

e if+1

et — e;' ={ ‘
kS ifd=1
Hence we oftain that the k-pericod systmatic sub-model of model (3.1) is the model (3.2)

AL

() If k is an even number
Consider the right hand side of (3.12)
The largest foot mark term in the first sequence is ey = exq-p-2k-)
The smallest foot mark term in the second sequence is ext-n-2a-1 = €kt-2c 4 -1

We get all the following equal footmark term of the two sequences

€yt-2i = ek(t-l)—2(++i) B TP P TT R TR TER TR TPRTTRPR & 38 I )]

E(e, €,.)) = E(ey £449)

k.
T E[ %,l Jet%at o ]

. k
& D-2(
kt-2i k(t+] 2.,.0{)

=F kg ;”" 2
I = B

kt-2i

i0

=g [553' 4,;”' ]
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= 1—¢ g If 1@ B/ Rdsecdideivouihescos viadisibe s suded (3.14)
%af if ¢ =
and we have
Case (a)
2k
} ::z a: d=0
¢+ 1=2E(e, £, = x 4k
b g ¢T } _:Z ] (7: d=1
0 d=2
B & B 1)
Case (b)
ko? d=
¢= 1=E(€t E!-d) = % g: e e T e I 3.16)
0 d=2

Therefore Zt is generated by a MA(1) model

Let ey =2 +8" 'y €' ~ Hd N, al) sseescosrassscsnmsonnsoosssusssosscsasvasssesssssss 3.17

We have
a+6")s? d=0
Eey e =1 8’02 d =1 seeeeecsennee i e e (3.18)
0 d=2

for case (a)
compare (e.15) to (3.18) we get :
2 1__¢k 2

Ry 9' =¢7T g1
i 1 —¢*
Let ¢ =J ot

for case (b)
compare (3.16) to (3.18) we get :

8'=¢"'=1

o =] ke if =1
k

3 = 2
O ——2— O

Therefore the proof is completed
Q.E.E
( Theorem 2 )
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Let Ze be al real-valued sequence generated by an ARMA (0,q) model

Z' i :Zo 0, €. e ~ iid N(O' U: ) coenees cereeeneeeee (3,19)

were

8pb=1 6;€R j = 1,2, serereeeenenees q

0<o2<o0
then for any positive integer k>1 and any given non-negative integer q' the sampled sequence
Y, = Z, is generated by an MA (g') = ARMA (0, g"), if and only if the integer g' < [-—]‘:— ]

such that
a-kq’
E 6, 95«.,9‘0 eeeeseenecesonestt nsnessencescesssnssensecsscssssstsesssessssessassssssssacsscassse (3,20)
q-kd
§ 9, 8,‘“ 0
where [-ik ] stands for the largest integer M satisfying M <q / k
( proof ) Let

6b=1 6;€eR jeNand 0<ogi<o

e~iid N@al) VteZ
then for any given non-negative integer q the MA-type sequence

Z, = c{: 6; e,; is generated by an ARMA (0,0 model (3.19)
Fo
if and only if

0« = 00 00 #0
fouienitiven (3019

6, >0 Vv, >q
or if and only if q is the largest number of the integer d satisfying

qd

r 6,6, #0 d=q
o
0 d>q

but we know that the sequence Zt is generated by an ARMA (0,9 if and only if the Autocovari-
ance function of Zt is ;
Ry = E(ZZ.9 = EZZ.p

¥ 00,0 0sdsa

0 d>q

( See Fuller, w.A. (1976 )
Compare (3.23) to (3.22), therefore, we get that for any given non-negative integer q the

sequence Zt is generated by an ARMA (0,q) model, if and only if the Autocovaricance function of

Zt satisfies the following condition
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R,(d#0 d=q

seeseeeeeneens (3,24)
R, (d=0 d>q

similarly we may analyse the case of systematic sampled sequences here :
for any given positive in teger k > 1

qa
Since Yt = Zkt = E 95 €xt-j

Autocovariance function of Yt :
Ry = E(Y,Yy9) = EZyy Zyyrd)

q-kd

5 6,0, o 0<ki<gq
0 kd > q
"é‘a,a,,,daz osdg[%]
or Ry(d) = T P A U P SRS S aep ot (3-25)
q
0 d>[ L ]

Where (m) stands for the largest integer M satisfying M < m form statement (3.24) We know
that the sequence Y, = Z,, is geneated by an ARMA (0,[—;-)) model if and only if
R@#0 d=[L]
veismassenes(B:96)
o q
R@=0 d>[4 ]

In general for any given non-negative in teger q' the sampled sequence Y, = Z,, is generated by
an ARMA (0,q") model if and if

R, # 0 d=q'

v eosesaiedsons (3197
Ry @ =0 d>q’

In other words, for any given non-negative integer q', the sampled sequence Y, = Z,, is gener-
ated by an ARMA (0,q') model if and only if the integer q' < E—“:—J such that

a-ka o

E 6,6,+q +0

a-kd

E 6,60, =0
the proof is completed
Q.E.D.
4. Examples
( Example ]

Consider the sub-models of the sampled sequence Y, = Z,, sampling from some original ARMA (0,
@ model (2.1) Let q =16 k =5 and e ~ iid N (0.1) we have (- ) =3 Y, =Z; is gener-
ated by an ARMA (0.q") model if and only if the non-negative @’ < 3
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such that

’

*+0 d=q

16-5d
T 0,0,

i vonsespsessse (4.1)
E 6,08,,=0 d>aq

@ Let Z, =e + e.4 + €. + €. + e be the original ARMA (0.16) model, then the sampled
sequence Y, = Zs, is not generated by an ARMA (0,(—;’(—) = ARMA (0.3) model It is gener
ated by an ARMA (0,0) model i.e. Y, ~ iid N(0.5) Since the autocovariance function of Yt is

q-kd
EooL e vosas] 2]
B =]
%q)
0 i ]
5 d=0
= 0 99000 000000 000098 600000906000 860 060006060 000008600000008 800008006000 (4.2)

d>0

() Let Z, = ¢ +~%— €5 +i4 e.7 + e.; + e.¢ be the original ARMA (0.16) model then the

sampled sequence Y, = Zs, is also not generaced by an ARMA (O,Eik]) = ARMA (0,3) model

2.3125 d=10
Since Ry(d) =1 0.5 d=1 T R R R P PRI ¢’ )
0 d>1

©) Let Z, = e, — +_r2l_§ e.; be the original ARMA (0,16) complete model then the sampled

sequence Y, = Zs, is still not generated by an ARMA (0,:— ) = ARMA (0,3), but an ARMA
0,2) model

17 d=0
-f — 10 d = 1 EE R
Since Ry(d) = 5 Pl 4.4
0 d>2

(d Let Z, = :é e.; be the original ARMA (0,16) model then the sampled sequence Y, = Z is

exactly generated by an ARMA (0,(%)) = ARMA (0,3), not geneated by an ARMA 0,4
model; Notice that 3 is the largest number of the integer d satisfying d s%hence ELSGJ =3
and 4 is the smallest number of the integer d satisfying d 2—156- Hence E%J *+4

Cc.f. Helsinki (1984))

5. Conclusion :

Brewer (1973) has shown that if Zt is generated by an ARMA (p.q) model then Y, = Z,, is gener-
ated by an ARMA (p.[lk-:kmq—l), In our (theorem 1) we get a counter-Example . if Zt is gener-
ated by an ARMA (2,0) model Z, = ¢ Z,, + e,  when k is an odd number Y, = Z,, is not gener-
ated by an ARMA (Z,M) = ARMA (2,1), but an ARMA (2,0) model, it is true only if k is an
even number, furthermore, we provide the (Theorem 2) to boint out the exact order of the system-

atic sampled ARMA (0.q') model, and an applied example is given, by the way, there is a slip of
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the pen in Helsinki’s paper (1984) on p.43 about the order [—&(%9-), where he say that "(m) = the
smallest integer M satisfying m < M"
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