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ON AN EXTENSIVE PROPERTY OF
BLUE ESTIMATOR

Hsiang-Chuan Liu
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Abstract:

We provide an extensive theorem of the best linear unbiased estimator in general linear model
1. Introduction:

Let Y =X L3 te , e~ Nn ( 0,Z, ) be a general Gaussian linear model

where Y is an n X 1 observable vector of random variables

X is an n X P full rank design matrix(n>P)

E is a p X 1 vector of unknown parameters

€ is an n X 1 unobservable vector of normal random variable
3, , is a known positive definite n X n matrix

It is well known that B = (XT 31 X0'XT 21 Y ~ Ny £ ,XT 130D

and E is the best linear unbiased estimator of 8 i.e 8 =BLUE( [ ), Here we develope the best

linear estimator with the given bias vector based on the BLUE estimator
2. Definition:

Let ? be a linear estimator of B with given bias B, we define [3a =BLE( @ | B) to be the best
linear estimator of [ with given Bias B, if for any linear estimator of S, ﬁ with the same bias B
such that the matrix(MSE( Q )-MSE( 2 )) is non-negative definite where MSE( @ )=E( @ B X g 8 7T,
Specially we say that ? BLE( ,g B ) is the best linear unbiased estimator if 8= O, that is,
BLE( 8 | Q)= BLUE( 8)

3. Theoremm:

(Theorem) Let nXl =..¥, ,..+..'§'. , € ~N, (0, be general Gaussian linear madel
B=17 vl
C=TI,
B = (XT 3'%"XT 3y = BLUE( §)
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if and only if 3% =C &
then 3 * = BLE( 8 | B)

(proof) (—) If é *=C Z.? now to prove that
f*=BLE (8 1B)

where {pl;ln=p§n (R*IT RIS D
D: arbitrary known p X n matrix
then E is any linear estimator of S
Let EC§)=8+B=8+TB=T+)g
then
E(§)=EHY) =EHX g + ¢ )
=HX f +HE( g )= H X f-ereeeeressrnrscmnrsinumniniiin e
= (CXT =X T3 + D)X 8
=9 é +DX é...................... .
compare B) to @) and @ we get
DX =0
{Hx PP —®
i.e

é is a linear estimator of S8 with bias
B=Tg if DX=0 and HX =C
then
Var( é )
=E(F—CBXB—CpT
=E(AD—CBCT
=E{HX g+ ¢ T+ ™XDHDI —C B 8 el
= HX é é TXTHT 4 E(HggTHT) =C é é TCT ....@

Using HX = C and E(¢eT =%,
formula @ may be rewritten as:
Var( §)=HEg HT
= (CXT 3%0XT 374 DIE (CXT 5,%07XT 571+ DT
= (CXT 310 XT 3+ DIZ (DT + 3, XXT 31307CN
= (CXT =% 'X™DT + CXT 3%7CT + DE DT

+ DX(XT z;lx)-lcT
Since [ DX =0

{ XTDT = (DT =

formula @ may be reduced to
Var( é’ ) = CXT 31%CT+DE, DT sesensiaacnssisanssnalactecttiiatonssscsocssasaseseasss(@)

Hence
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MSE( 3 ) = Var( § ) + BBT
= C(XT Z;IX)"CT +DxZ,D+ EBT SRR LT C L L TR LU TR UL URPPPPPPPPRPIN (|

now consider MSE( @ *) Since 5 *¥=C B We get
MES( 8 % = MSEC )
= Var(C )+ BBT
= C Var( 8 )CT + BBT
= CXT E;IX)'ICT + BET seeesesese e e ()
Since DX DT is non-negative difinite
compare @ to @) we get
MSE( 5 *) < MSE( E ) i.e(MSE( /3 ) — MSE( 5 *)]) is non-negative definite
where E is any linear estimator of 8 with bias B=T g
Therefore 5 *¥*=BLE(S | B
(«—)If §%=BLE(S | B
where B=T £, E(f %) =C § +reerererrernsinsssnsinnintinsintie e s s s snnsnssosenn (@)
then we get MSE( 5 %) < MSE( § %)
where 5 * is any linear estimator of g with bias B=T g
Hence MSE( @*)SMSE(C é’) St e e ()
where 8= (XT 3130XT 31y
now to prove that E ¥*=C E
and
B * — C = H¥Y — CXT 1% XT 51y
= (H* — CXT 31X IXT 3-1)Y & D¥Y
i.e H¥ — CXT Z1X)1X! 3-1= D%
or H¥ = C(XT E;IX)'IXT 2;1_]_ D cocerennnriiiiiniiiiiiiiii s ceesee s s e ()
we have:
EC 8 %) = EH*Y) = E(H¥X 8+ ¢ )
= H¥X S+ H¥E( ¢ )= HKX f-eereeemnmsmnnniinininiienninncnnee e )
= (CXT =10 IXT 3-1DFIX S
= C L+ D¥X freevrerrrneemsnrennesnnnsinieii st e e ()
compare @) to @ and @
we must have
{D*X =0
Raw g
By the similarly derivation, replace D.H. by D¥, H¥ respectively,we may obtain
MSE( § % = CXT =1%)ICT 4 D#x,D*T + BBT
= (C(XT z;lx)-lc'l‘ + BBT) 4 D¥ L, D¥T cevvvennennniniininnciiciiiiiniiniininncee @

Since D¥X ,D*T is non-negative definite
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from @ and @ we have
MSE( § *) = MSEC )
i.e MSE( ﬁ *) = C(X! Z;’X)'IC L1 gg‘l‘ sesessareessenni e s e J])
compare @ to @ we get 7
D*x D*¥T =0 butT, # 0
i.e D¥ =0
Hence §* —C f=D¥Y =0
Therefore é *=C g
It completes the proof Q.E.D.
4. Conclusion:
In general linear model, always we have a hope of finding an estimator at least as good as
BLUE in some specified criterion, such as MSE risk funtion matrix, we may consider whether there
exists any improved biased estimator. The theorem mentioned above may be helpful for performing

this work.
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